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The black hole binary (BHB) coalescence rates inferred from the advanced LIGO (aLIGO) de-
tection of GW150914 imply an unexpectedly loud GW sky at milli-Hz frequencies accessible to
the evolving Laser Interferometer Space Antenna (eLISA), with several outstanding consequences.
First, up to thousands of BHB will be individually resolvable by eLISA; second, millions of non
resolvable BHBs will build a confusion noise detectable with signal-to-noise ratio of few to hun-
dreds; third – and perhaps most importantly – up to hundreds of BHBs individually resolvable by
eLISA will coalesce in the aLIGO band within ten years. eLISA observations will tell aLIGO and all
electromagnetic probes weeks in advance when and where these BHB coalescences will occur, with
uncertainties of < 10s and < 1deg2. This will allow the pre-pointing of telescopes to realize coinci-
dent GW and multi-wavelength electromagnetic observations of BHB mergers. Time coincidence is
critical because prompt emission associated to a BHB merger will likely have a duration comparable
to the dynamical time-scale of the systems, and is only possible with low frequency GW alerts.
Introduction. The two aLIGO [1] detectors observed
a black hole binary (BHB) of 36+5−4M and 29
+4
−4M
coalescing at z = 0.09+0.03−0.04 on September 14, 2015
(GW150914) [2]. This observation has been used to ob-
servationally constrain the cosmic merger rate of BHB
for the first time [3]. Although theoretical predictions
vary wildly [4], spanning the whole range constrained by
the limit implied by initial LIGO [5], high rates of sev-
eral hundreds event yr−1Gpc−3 have been suggested by
some authors [6, 7]. GW150914 sets the bar in this range,
finding rates between 2 and 400 yr−1Gpc−3 (depending
on the assumed BHB mass distribution). Moreover, the
observed system is three times heavier than the ’canon-
ical’ 10M + 10M binary (but see [8, 9]), implying a
gravitational wave (GW) strain amplitude a factor 35/3
larger.
Assuming a circular binary, GW150914 was emitting
at a frequency of ≈ 0.016 Hz five years prior to coales-
cence, well within the eLISA [10] band (see figure 1).
Even more remarkably, the signal-to-noise (S/N) accu-
mulated in an eLISA type detector in those final years
(sky and polarization averaged) would have varied be-
tween three and fifteen, depending on the detector con-
figuration (see below): had eLISA been operating, we
would have known exactly when and where GW150914
would have appeared in the aLIGO data. This opens the
prospect of multi-band GW astronomy, as illustrated in
figure 1; BHBs emit in the eLISA band for years before
eventually chirping to high frequency producing a short
(but strong) signal in aLIGO. Multi-band GW astronomy
has already been proposed in the context of observing
either population III merger remnants [11] or intermedi-
ate mass BHB [12, 13] with LISA and aLIGO/Einstein
Telescope [14]. However, with GW150914 detection and
the inferred rates there are a number of profound con-
sequences for aLIGO, eLISA and electromagnetic follow-
ups to LIGO sources, that we describe in this Letter.
BHB population models. Based on the observation of
GW150914, the probability distribution of the intrinsic
comoving merger rate R under two distinct assumptions
for the BHB mass function was computed in [3]. In
model flat, the masses of the two BHs, M1,r & M2,r
(the subscript r refers to quantities measured in the rest
frame of the source) are independently drawn from a log-
flat distribution in the range 5M < M1,2,r < 100M,
with the restriction of BHB total mass being in the
range 5M − 100M. In model salp, M1,r is drawn
from a Salpeter mass function in the range 5M <
M1,2,r < 100M and M2,r from a flat distribution be-
tween 5M and M1,r. The flat model implies a heavy-
biased BHB mass function, with a characteristic BHB
merger rate ≈ 35yr−1Gpc−3, whereas the salp model
favours relatively light BHBs, compensated by a higher
rate (≈ 100yr−1Gpc−3), for consistency with the obser-
vation of GW150914. We assume no cosmic evolution of
this intrinsic rate.
For each of the mass models we compute p(Mr) –
the associated chirp mass probability distribution, where
Mr = (M1,rM2,r)3/5/(M1,r +M2,r)1/5, and we multiply
it by the comoving merger rate R, thus obtaining the
merger rate density per unit mass
d2n
dMrdtr = R× p(Mr). (1)
Equation (1) can be then converted into a number of
sources emitting per unit mass, redshift and frequency
at any time via
d3N
dMrdzdfr =
d2n
dMrdtr
dV
dz
dtr
dfr
, (2)
where dV/dz is the standard volume shell per unit red-
shift in the fiducial ΛCDM cosmology (h = 0.679, ΩM =
0.306, ΩΛ = 0.694, [16]), and dtr/dfr is given by
dtr
dfr
=
5c5
96pi8/3
(GMr)−5/3f−11/3r . (3)
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2FIG. 1: The multi-band GW astronomy concept. The violet
lines are the total sensitivity curves (assuming two Michelson)
of three eLISA configurations; from top to bottom N2A1,
N2A2, N2A5 (from [15]). The orange lines are the current
(dashed) and design (solid) aLIGO sensitivity curves. The
lines in different blue flavours represent characteristic ampli-
tude tracks of BHB sources for a realization of the flat popu-
lation model (see main text) seen with S/N> 1 in the N2A2
configuration (highlighted as the thick eLISA middle curve),
integrated assuming a five year mission lifetime. The light
turquoise lines clustering around 0.01Hz are sources seen in
eLISA with S/N< 5 (for clarity, we down-sampled them by a
factor of 20 and we removed sources extending to the aLIGO
band); the light and dark blue curves crossing to the aLIGO
band are sources with S/N> 5 and S/N> 8 respectively in
eLISA; the dark blue marks in the upper left corner are other
sources with S/N> 8 in eLISA but not crossing to the aLIGO
band within the mission lifetime. For comparison, the char-
acteristic amplitude track completed by GW150914 is shown
as a black solid line, and the chart at the top of the figure
indicates the frequency progression of this particular source
in the last 10 years before coalescence. The shaded area at
the bottom left marks the expected confusion noise level pro-
duced by the same population model (median, 68% and 95%
intervals are shown). The waveforms shown are second order
post-Newtonian inspirals phenomenologically adjusted with a
Lorentzian function to describe the ringdown.
Equation (3) is valid for circular binaries, which is our
working hypothesis. This is certainly a good approxima-
tion for systems formed through stellar evolution, that
are expected to inherit their stellar progenitor circular
orbits. Extrapolating results shown in figure 10 of [17]
at low frequency, we find that also dynamically formed
BHBs have typical e . 0.01 in the relevant eLISA band,
making our S/N and source number computations robust
against the assumed BHB formation channel.
For both the flat and salp models, probability distri-
butions of the intrinsic rate R are given in [3] (see their
figure 5). We make 200 Monte Carlo draws from each of
those, use equation (2) to numerically construct the cos-
mological distribution of emitting sources as a function of
mass redshift and frequency, and make a further Monte
Carlo draw from the latter. For each BHB mass model,
the process yields 200 different realizations of the instan-
taneous BHB population emitting GWs in the Universe.
We limit our investigation to 0 < z < 2 and fr > 10
−4Hz,
sufficient to cover all the relevant sources emitting in the
eLISA and aLIGO bands.
Signal-to-noise ratio computation. An in-depth study
of possible eLISA baselines in under investigation [15, 18,
19], and the novel piece of information we provide here
might prove critical in the selection of the final design.
Therefore, following [15], we consider six baselines fea-
turing one two or five million km arm-length (A1, A2,
A5) and two possible low frequency noises – namely the
LISA Pathfinder goal (N1) and the original LISA require-
ment (N2). We assume a two Michelson (six laser links)
configuration, commenting on the effect of dropping one
arm (going to four links) on the results. We assume a
five year mission duration.
In the detector frame, each source is characterized
by its redshifted quantities M = Mr(1 + z) and f =
fr/(1 + z). During the five years of eLISA observations,
the binary emits GWs shifting upwards in frequency from
an initial value fi, to an ff that can be computed by in-
tegrating equation (3) for a time tr = 5yr/(1 + z). The
sky and polarization averaged S/N in the eLISA detector
is then computed as
(S/N)2 = 2
∫ ff
fi
h2c(f)
f〈S(f)〉dlnf, (4)
where the factor 2 accounts for the fact that we have
two Michelson interferometers (i.e. we consider six laser
links). hc is the characteristic strain of the source given
by
hc =
1
piD
(
2G
c3
dE
df
)1/2
, (5)
where D is the comoving source distance, and the emitted
energy per unit frequency is
dE
df
=
pi
3G
(GM)5/3
1 + z
(pif)−1/3. (6)
In equation (4), 〈S(f)〉 is the eLISA instrumental noise,
averaged over the source sky location and wave polar-
ization, and it is estimated by using the analytical form
given in [15] for each configuration. Note that at the
high frequencies relevant for the sources crossing to the
aLIGO band, the real eLISA sensitivity is not well cap-
tured by the analytical fitting functions. However, this
does not appreciably affect S/N computations, and is not
expected to significantly alter detector performances (Pe-
titeau et al. in preparation). For parameter estimation,
we adopt a modification of the Fisher Matrix code of
3[20]. The code employs a 3.5 Post Newtonian (3.5PN)
circular non-spinning gravitational waveform evaluated
in the frequency domain assuming the stationary phase
approximation. The limitation to non-spinning, circular
binaries is not critical here, since the main source param-
eters of interest are the sky localization and the time to
coalescence. The former depends mostly on the signal
Doppler modulation and the time-varying antenna beam
pattern due to the detector’s orbital motion, neither of
which is influenced by the adopted waveform. The latter
mostly depends on the estimate of the redshifted chirp
mass, which is automatically determined to ≈ 10−6 (see
figure 3) relative precision by match filtering hundreds
of thousand of source cycles. In fact, preliminary results
using 3.5PN spinning precessing waveforms confirm the
figures shown in the following (A. Klein, private commu-
nication). The code accounts for the full eLISA orbital
motion during the observation time, but also uses the
analytical approximation for the sensitivity curve. We
checked that, given M and fi, the S/N returned by the
code matches the estimate of equation (4) when averaged
over a Monte Carlo realization of the parameters describ-
ing the source sky location, inclination and polarization.
Finally, the estimate of the stochastic signal is com-
puted following [21] as
(S/N)2bkg = T
∫
γ(f)
h4c,bkg(f)
4f2〈S(f)〉2 df, (7)
where T = 5yr is the mission lifetime and we used the fact
that h2c,bkg(f) = fSh(f), being Sh(f) the power spec-
tral density of the signal. Note that the response func-
tion γ(f) ≈ 1 in the relevant frequency range (see figure
4 in [21]). hc,bkg is related to the GW energy density
via h2c,bkg = 3H
2
0 Ω
2
gw/(2pi
2f2), and is calculated at each
frequency by summing in quadrature the characteristic
strains of all sources up to z = 2. In our simple esti-
mate we did not remove sources with individual S/N> 8,
which however do contribute to less than 10% to the es-
timate of the background. This is compensated by the
fact that we integrate up to z = 2, whereas significant
contribution to the background comes from higher red-
shifts. However, we cannot trust (already at z = 2 in
fact) the assumption of a constant intrinsic BHB merger
rate and our stochastic background S/N estimates are
only indicative.
Results and implications. For each configuration we se-
lect only events resolvable above a given signal-to-noise
ratio (S/N) threshold. Results are shown in figure 2. Be-
tween one and about a thousand BHBs will be observable
at S/N> 8, and a factor of about four more at S/N> 5,
with the flat model resulting in twice as many sources as
the salp one. Four link configurations would yield approx-
imately one third of detections, since their sensitivity is a
factor
√
2 smaller, and the cumulative number of sources
goes with (S/N)3. About 20% of the resolvable systems
will coalesce within ten years from the start of eLISA
FIG. 2: Number of BHBs resolved by eLISA for different base-
lines. Orange triangles and blue squares are for models flat
and salp respectively. Filled symbols and associated error-
bars represent the median and 95% confidence interval from
200 realizations of the BHB population. The two top pan-
els represent the total number of resolved sources above the
indicated threshold. The two lower panels depict the subset
of sources that will eventually coalesce in the aLIGO band
within 10 years from the start of the eLISA mission. All fig-
ures are computed assuming five years of eLISA operations.
operations, appearing into the aLIGO band. These are
typically massive binaries (50M < M1 +M2 < 100M)
and can be observed up to z ≈ 0.4 in eLISA. Numbers are
therefore quite sensitive to the high end of the BHB mass
function, but even assuming an artificial pessimistic cut-
off for systems more massive than GW150914, we obtain
tens of events for the best eLISA design.
Figure 3 shows an example of parameter estimation
precision achievable with eLISA, for a typical population
of systems coalescing in the aLIGO band within its life-
time. The plot was constructed by running the Fisher
Matrix code on a sub-sample of 1000 sources coalescing
in five years and resulting in an S/N> 8 in the eLISA de-
tector (configuration N2A5, but distributions are largely
insensitive to the specific design), taken from our 200
Monte Carlo realizations of the flat BHB mass model.
The exquisite precision is due to the many thousands
of wave cycles emitted by the system convolved with the
multiple orbits completed by the eLISA detector over five
years. Although we use a simple waveform and detector
response model, adding complexity to the waveform and
to the response function should not appreciably alter the
precision of the measurement, as discussed above. Typ-
ically few weeks before appearance in the aLIGO band,
the relative errors in the mass measurements is better
than 1%, the sky location is better than 1deg2, and the
coalescence time can be predicted within less than ten
4FIG. 3: Parameter estimation precision from eLISA obser-
vations. Top left: coalescence time; top right: sky local-
ization; bottom left: relative error in the chirp mass M;
bottom right: relative error in the symmetric mass ratio
η = M1M2/(M1 + M2)
2. Histograms show normalized dis-
tributions obtained from a Monte Carlo realization of 1000
sources observed with S/N> 8 in the N2A5 configuration for
five years of mission operation. Estimates were obtained via
Fisher Matrix analysis using 3.5PN non spinning waveforms
[20] and the full time-dependent eLISA response function.
seconds. These figures open the possibility to mutually
enhance the capabilities of aLIGO and eLISA and to open
the era of multi-band GW astronomy.
Electromagnetic counterparts to BHB coalescences are
theoretically not expected, unless matter (likely ion-
ized hot gas in form of some accretion disk) is also
present. However, a tentative gamma signal coincident
with GW150914 has been detected by the Gamma-ray
Burst Monitor (GBM) on board Fermi [22], a nearly all-
sky monitor with necessarily limited sensitivity and an-
gular resolution. The fact that no alert can be sent to
satellites and telescopes prior to coalescence fundamen-
tally limits the possibility of real-time electromagnetic
observations of aLIGO BHBs by telescopes with more re-
stricted field of view and higher sensitivity (see a review
in [23]). However, for up to a couple of hundred sources
in the best configuration, eLISA can alert aLIGO and all
possible electromagnetic probes weeks in advance, pro-
viding the exact location and time of the merger. Firstly,
this will allow the aLIGO team to plan the operation
schedule ensuring at least two interferometers will be in
operation during these events, reducing the loss of events
due to missing detector coincidence. Secondly, all the
most sensitive telescopes covering the sky from the ra-
dio to the γ-ray, can then be pre-pointed securing the
detection of a prompt counterpart at any wavelength,
FIG. 4: Unresolved BHB confusion noise in the eLISA detec-
tor. The left panel shows the S/N of the unresolved confusion
noise for different eLISA designs, assuming two Michelson (six
links, L6) on a five year baseline. The filled triangles and as-
sociated error-bars represent the median and 95% confidence
interval of the S/N from 200 realizations of the BHB popu-
lation. Orange and blue symbols are for models flat and salp
respectively. The right panel shows the energy density con-
tent of the confusion noise as a function of frequency, Ωgw(f)
(median, 68% and 95% intervals are shown). This is compared
to the eLISA sensitivity to a stochastic background [21] for
two different baselines (as indicated in figure).
should there be one, opening new horizons in multimes-
senger astronomy. Moreover, eLISA will determine the
individual masses of the two systems within < 1% preci-
sion, possibly constraining also their spins. This wealth
of information can be used to pin-down the pre-merger
properties of the BHB to a level that is unthinkable with
aLIGO only, tremendously improving the feasibility of
fundamental physics and strong gravity tests [24, 25].
For example, [26] found that constrains on BH dipole
radiation can be improved by five orders of magnitudes
compared to observations with aLIGO alone. Hundreds
of low redshift GW sources with accurate sky localization
also make for a new interesting population of cosmolog-
ical standard sirens [27] that can be exploited following
the idea put forward in [28] for extreme mass ratio in-
spirals. On the other hand, aLIGO will likely see BHB
mergers that have an S/N< 8 in the eLISA data-stream
(see figure 1). Those can be used as triggers to search
back in the eLISA data for sub-threshold signals. Equiv-
alently, one can flag all events with a S/N much lower
than the confident detection threshold in the eLISA data-
stream, and wait for their aLIGO confirmation. Lastly,
these systems provide a unique consistency test-bed for
the two instruments, that can be the ultimate cross-band
check vetting their mutual calibration.
Below the resolvable sources, there is an unresolved
confusion noise of the same nature of the one gener-
ated by WD-WD binaries [29]. We find that this confu-
sion noise will affect the bottom of the eLISA sensitivity
curve only for optimistic BHB merger rates in combina-
tion with the best detector configuration (see figure 1),
5and therefore should note pose a serious issue for the de-
tectability of other low S/N sources such as extreme mass
ratio inspirals [30]. However, only in six link baselines,
laser links can be combined appropriately to make the
background measurement feasible [31] even without the
standard cross correlation analysis [32]. The expected
S/N, computed via equation (7), is in the range 1− 200,
depending on the baseline. Considering all sources to
z = 10 would increase the S/N by a mere 20%. We
caution, however, that we assumed a cosmologically non-
evolving BHB merger rate. Although this might by a
safe ansatz at the low redshifts relevant to the statistics
of resolvable sources, it is bound to break down beyond
the local Universe. To investigate the possible effect of
a BHB merger rate evolving with redshift, we considered
the two scenarios proposed in [33] and [34], which are
representative of two different BHB formation channels,
normalizing both rates to a fiducial value of 50yr−1Gpc−3
at z = 0. Although [33] results in a GW background in
line with the non-evolving coalescence rate model, [34]
predicts an Ωgw(f) larger by a factor ≈3.5. Therefore,
the unresolved background might provide some valuable
information about the high redshift abundance of BHBs
and their formation channel, complementary to low red-
shift observations of individual sources.
Outlook. The observation of GW150914 brings unex-
pected prospects in multi-band GW astronomy, provid-
ing even more compelling evidence that a milli-Hz GW
observatory will not only open a new window on the Uni-
verse, but will also naturally complete and enhance the
payouts of the high frequency window probed by aLIGO.
The scientific potential of multi-band GW astronomy is
enormous, ranging from multimessenger astronomy, cos-
mology and ultra precise gravity tests with BHBs, to
the study of the cosmological BHB merger rate, and to
the mutual validation of the calibration of the two GW
instruments. This is a unique new opportunity for the
future of GW astronomy, and how much of this potential
will be realized in practice, depends on the choice of the
eLISA baseline. Should an extremely de-scoped design
like the New Gravitational Observatory (NGO) [35] be
adopted, all the spectacular scientific prospects outlined
above will likely be lost. Re-introducing the third arm
(i.e. six laser links) and increasing the arm-length to
at least two million kilometres (A2) will allow observa-
tion of more than 50 resolved BHB with both eLISA and
aLIGO, and the detection of the unresolved confusion
noise with S/N> 30. We also stress that the most inter-
esting systems emit at f > 10−2Hz, a band essentially
’clean’ from other sources. There, the eLISA sensitivity
critically depends on the shot noise, which is determined
by the number of photons collected at the detector mir-
rors. It is therefore important to reconsider the designed
mirror size and laser power under the novel appealing
prospect of observing more of these BHBs and with an
higher S/N.
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